ABSTRACT. We investigate in an algebraic setting the question in which logical languages the properties integral, permutational, and rigid of algebras of relations can be expressed.
INTRODUCTION
The question, which properties of relations can be expressed in which logical languages is of considerable interest in the fields of (finite) model theory and descriptive complexity, and the reader is invited to consult [Fag87] , [Imm82] for more detailed information. Among the problems in this area are those which are concerned with the automorphisms of a given binary relation; typical questions include (1) Does have a non trivial automorphism? (2) Is the group of automorphisms of transitive? We shall investigate these and other problems from an algebraic (and sometimes more abstract) point of view using Tarski's relation algebras and cylindric algebras. Roughly speaking, a relation algebra is a description of how various relations must interact among each other. More concretely, given a set ¢ ¡ ¢ £ ¤ ¦ ¥ § © of binary relations on a set , we can form the closure of this set under the Boolean operations, composition of relations, and converse, and add the identity as an extra constant; the result will be an algebra of binary relations (BRA). Since the operations used are first order definable, any automorphism of the first order structure ! # "
will preserve all the relations in A as well. Such an automorphism will be called a base automorphism of the algebra (We use the qualified term to distinguish them from the automorphisms of the algebra). A fundamental result by Tarski states that contains exactly those binary relations on U which are definable in $ % "
by first order formulas having at most three variables. The algebras corresponding to variables (and -ary relations) are the cylindric algebras of dimension . Thus, the equational logic of relation algebras (cylindric algebras of dimension ) corresponds roughly to the three ( ) variable fragment of full first order logic. Logic with restricted resources has been considered among others in [Imm82] , [IK89] .
Conversely, if we are given an abstract relation algebra & (to be defined below), and a BRA on a set such that is isomorphic to & (also called a representation of the algebraic structure of which will imply an answer for our question regarding . For example, we show below that the property that a relation algebra & has a a representation with a transitive group of base automorphisms is a general first order property by giving a set of axioms which describe this property. From the form of these axioms it follows that in the concrete case, a first order structure $ # " of binary relations has a transitive group of automorphisms if and only if no proper nonempty subset is definable in the model, and, furthermore, that this property is not expressible in '
( ( 0 ) 1 (
, the finite variable fragment of ' ( 0 ) 1 (
. We also generalise most of the results to -ary relations.
Rigidity, i.e. the property of a structure ! # "
of having no nontrivial automorphisms, is diametrically opposed to having a transitive group of automorphisms: While in the latter case no proper nonempty subset is definable in the model, in a finite rigid structure every subset is definable. We shall exhibit for every 2 4 3 a rigid symmetric binary relation on a finite set with the property that no proper nonempty subset of is definable in the model ! # "
by a first order formula with at most variables. The construction will be a concrete example for the fact that rigidity is not expressible in ' 5 ( ( 0 ) 6 (
. We also show by a concrete example that non -rigidity is not expressible in the fragment of second order logic where the first order part is in the Bernays -Schönfinkel prefix class, and, with the help of a result by N. Immerman, that rigidity cannot be expressed in monadic second order logic, even if a built in linear order is allowed. It is also proved that for any rigid relation on a set having no more than seven elements, every subset of U is definable in the model $ # "
by a formula using no more than three variables.
DEFINITIONS AND NOTATION
If is a set, The fragment of SO where quantification is allowed over unary predicates only is called monadic second order logic (MSO).
f ormulas have the form 
formula is a f ormula whose first order part is equivalent to a prenex 
There is some q c such that
There is some q c such that 
and, using this notation, for all
we let
is always closed under the Boolean operations as well as under the operations defined above. Now d ã
In cylindric set algebras, the operations w F mean relation composition, inverse and identity among the binary elements of the algebra.
is integral; this is equivalent to saying that there are no proper one-dimensional elements in
with base is the set of all permutations
i s transitive, and a Ý r is called permutational if it is isomorphic to a c-permutational one.
INTEGRAL AND PERMUTATIONAL ALGEBRAS
It was asked in [McK66] , whether every integral RA was permutational. This question was solved in [ADN92] where it was shown that there is an integral representable RA without a permutational representation. If we think of a representable simple RA as an encoding of how the elements of must behave as relations in any representation, then a non -permutational representable RA has a non transitive group of base automorphisms in any of its representations. Thus, the structure of 
The first order part can be written with three variables, and the quantified predicate can be moved to the front (with its rank increased), so that the resulting sentence is e xpressible. It is not known whether being not permutational can be expressed by a s entence.
In this section we will explain the logical background of these phenomena. We shall see that the difference between the notions integral and permutational lies in the different expressive powers of the underlying languages. (1) 
Ú
The following example shows that locally finite cannot be omitted from 3.2: Let be any infinite set, 
, and
Now we turn to relation algebras. We first give a characterisation of the class ÿ of permutational RA's in terms of cylindric algebras. Roughly, the result says, that a relation algebra is permutational if and only if it can be extended to an integral cylindric algebra of dimension , for arbitrary large . Proposition 3.3. Let be a relation algebra. Then the following are equivalent: We now turn to the logical background of the difference between the notions integral and permutational. It will turn out that this difference is rooted in the fact that ½ -variable logic is strictly weaker than full first order logic. 
is integral iff
is consistent.
Proof. 1. We have seen that there is a one-one correspondence between representations of and between models of 
Clearly, a simple c Ý r 
Since the proof of 3.5 is completely analogous to that of 3.4 we leave it to the reader. Similar theorems can be stated for various algebraizations of logic, e.g. for polyadic algebras. : Partial isomorphisms between these structures depend only on the number of pebbles played. Since this number is never greater than , the duplicator can at any stage match a move made by the spoiler. Now, the duplicator fixes a correspondence between the components of and the components of u , and matches any move made by the spoiler by the corresponding component in the other structure. Since the duplicator wins the game on the components, the spoiler can never win a round of the game. Throughout this section we will suppose that is a finite set, and that all RAs mentioned are finitely representable, i.e. for each such there is a finite set and some 
s c-rigid if and only if
Furthermore, let i ¥ ± ® be the formula 
2. This was shown in [BH79] , see also [Com88] for an explanation of the technique; below, we shall give a more direct proof.
Ú
The previous result implies that for arbitrarily large
there is a c-rigid RA which is not y -rigid. The original proof of this is probabilistic, using the countable random graph. In [BH79] it is stated that A more technical problem is to find graphs that satisfy many of our axioms . The axioms mentioned are the extension axioms ô Y r , and then proceed to show that not all relations can be defined in the model r r "
by formulas with n variables. As a preparation we shall prove two combinatorial lemmas. We next show that is rigid. Let be a base automorphism of , and choose some 
It is easy to check that generates a non integral algebra, so this case is not possible. Similarily, we see that cannot contain a K é , so that V X ¡ , and that R is determined up to a permutation of in the following sense: If, in constructing the matrix of , we always choose the smallest possible number , then we obtain as
We leave the straightforward details to the reader. is the union of the permutation
C ò X a nd its inverse, and it is easy to check that is not rigid. It follows that the class of these formulas can express parity which is known not to be the case (cf. [Com88] ).
It may be worthy of mention that, on the other hand, the property of being not rigid can be expressed by a ¦ m u p sentence, since the property of a relation being a nonidentity base automorphism of is expressible by a prenex V o nW Y X V Tq h X s entence.
